The authors of [16] have proposed a conjectural construction of mirror symmetry for Calabi-Yau threefolds. They argue from the physics that in a neighbourhood of the large complex structure limit (see [11] for the definition of large complex structure limits), any Calabi-Yau threefold X with a mirror Y should admit a family of supersymmetric toroidal 3-cycles. In mathematical terminology, this says that there should be a fibration on X whose general fibre is a special Lagrangian 3-torus T 3 .
space to the local deformation space may be identified with the harmonic 1-forms on M . The dimension of the local deformation space is therefore dim R H 1 (M, R). For X a Calabi-Yau n-fold and T a special Lagrangian n-torus submanifold, T therefore moves in an n-dimensional family.
Definition. A Calabi-Yau n-fold X is said to have a special Lagrangian n-torus fibration if there exists a map of topological manifolds f : X → B whose general fibre is a special Lagrangian n-torus.
We have taken B as a topological manifold, but from the results of [10] , it will be locally a differentiable manifold with a natural Riemannian metric [10] , (3.10) , except perhaps at points corresponding to singular fibres. In §3, we shall generalise the notion of special Lagrangian n-torus fibration to the case when the metric on X is allowed to degenerate in a suitably nice way.
Let us now take X to be a Calabi-Yau threefold. If X contains a special Lagrangian T 3 , then it moves locally in a three dimensional family. There are hard questions which need to be addressed concerning whether the family obtained foliates the manifold and whether it can be suitably compactified so as to obtain a special Lagrangian 3-torus fibration on X-for some discussion of these problems and further discussion of the motivation from physics, we refer the reader to [12] , where an account of [16] for mathematicians will be found. In this paper, we study a class of Calabi-Yau threefolds for which these issues are not a problem (provided we work with a mildly degenerate metric), and X does have a special Lagrangian torus fibration.
Under this assumption, [16] provides a recipe for constructing the mirrorX to X. TopologicallyX is a compactification of the moduli space parametrising special Lagrangian 3-tori (with fixed cohomology class) on X, together with a flat U (1)-connection on T . For a given torus T , the flat U (1)-connections are parametrized by the dual torus, so the recipe may be rephrased as follows. We take the smooth part of the special Lagrangian n-torus fibration, which we denote by p : X 0 → B 0 . The fibres of p are therefore all special Lagrangian tori. We then dualize the fibres; explicitly we form the family of tori X 0 ∨ over B 0 given by R 1 p * R/R 1 p * Z. The mirrorX (which has been assumed to exist) is recovered as a compactification of this dual special Lagrangian 3-torus fibration. We observe that if X andX are to be mirrors in the usual sense (in particular the mirror ofX is X), then the special Lagrangian 3-torus fibration on X should have a special Lagrangian section. There is also an argument from the physics that this is the case, and it is true for the examples we study below provided we restrict attention to suitable subsets of moduli. Note here that the Euler characteristic e(X) is concentrated purely in the singular fibres of the 3-torus fibration, and so we expect to see locally how the Euler characteristic changes sign when we pass to the mirror. The authors of [16] also suggest a method for putting a complex structure on the dual fibration over B 0 -the difficulties here are also discussed in [12] .
We shall refer to the recipe from [16] as the SYZ construction. The current paper explores the SYZ construction in two cases. The mirror map for K3 surfaces has been studied by several authors, and so the recipe from [16] should reproduce known results.
This is checked in §1 and the beginning of §4. A different approach to this appears in [12] . In the case of Calabi-Yau threefolds, the conjectured construction has not previously been worked out for any examples. Most of this paper will therefore be devoted to doing this for a class of Calabi-Yau threefolds studied independently by Ciprian Borcea and Claire Voisin. These are obtained from a K3 surface S with holomorphic involution ι, by resolving singularities of the threefold S × A/(ι, j), where A is an elliptic curve and j is the involution given by negation. It is known when the mirror family exists for such a
Calabi-Yau threefold, and when it exists there is a very natural description of it [3, 17] , the construction largely depending on ideas of Nikulin [13] . In the case of these Borcea-Voisin threefolds, we do have natural choices for the special Lagrangian torus fibration, and we check (3.1) that the mirror does, at least topologically, satisfy the properties required by the SYZ construction. The question of complex and Kähler structures (i.e. the mirror map) is considered further in §4. But even just at the topological level, there is a very beautiful description of how passing to the mirror affects the singular fibres of the special Lagrangian torus fibration and how this causes the Euler characteristic to change sign.
In the final section, we discuss the mirror map (from the point of view of special Lagrangian torus fibrations) for both the K3 case and the Borcea-Voisin examples. More generally, these examples lead us to a conjectural interpretation of the mirror map for Calabi-Yau threefolds whose mirrors can be constructed by the SYZ method, in particular having special Lagrangian 3-torus fibrations. This conjectural construction involves the Leray spectral sequence associated to the 3-torus fibration, and is consistent with the results obtained for the Borcea-Voisin examples.
The authors with to thank Nigel Hitchin and David Morrison for very helpful discussions during the preparation of this manuscript. §1. Mirror Symmetry for K3 Surfaces
We recall here the construction of mirror symmetry for K3 surfaces given in [6] . This construction was discovered independently by Pinkham [15] and Dolgachev and Nikulin [7] (see [6] for precise references and more history). This construction also is a special case of a more general construction due to Aspinwall and Morrison [1] which is more directly inspired by the physics involved. It is possible to interpret this more general form of mirror symmetry in terms of the SYZ construction. This is done in [12] .
Let L be the K3 lattice, i.e. an even unimodular lattice of signature (3, 19) , isomorphic
Now suppose that S is a K3 surface, and fix a marking φ :
Definition. An isotropic vector E ∈ T is called m-admissible if there exists an isotropic vector E ′ ∈ T such that E.E ′ = m, and there does not exist a vector α ∈ T with either
By [6] , Lemma (5.4), this is equivalent to the existence of an isotropic vector E ′ ∈ T with the sublattice P of T generated by E and E ′ isomorphic to U (m), and T has an orthogonal decomposition P ⊕ P ⊥ .
If E ∈ T is an m-admissible vector, then we defině
There is a natural primitive embedding i :M → T given by
In fact T = P ⊕M . Now to a given primitive sublattice M ⊆ L of signature (1, t), T = M ⊥ , one can associate to it the period domain of marked M -polarized K3 surfaces
By the Torelli theorem for K3 surfaces, D M is the moduli space of marked K3 surfaces (S, φ) with φ :
two connected components interchanged by complex conjugation. The moduli space of M -polarized K3 surfaces will be a suitable quotient of D M via a group action, but we will not be concerned about this action here and will work on the level of period domains. See [6] for more details.
We consider also the tube domain
The class B above is referred to by physicists as the B-field, but usually represents a class in H 2 (S, R/Z). The tube domain T M represents a cover of the complex Kähler moduli space, analogous to the period domain being a cover of the complex moduli space. We shall always construct the mirror map (which gives an isomorphism between Kähler moduli and complex moduli of the mirror) at the level of these covers.
We have a slightly more explicit version of [6] , Theorem (4.2).
given by
Proof: If Ω = φ(B + iω), it is easy to check that Ω.Ω = 0 and Ω.Ω = 2ω.ω > 0. Now by [6] , Lemma (4.1), if CΩ ∈ D M , then Ω.E = 0. Thus we can normalize Ω by multiplying by a complex constant to ensure that Ω.E = 1. The map φ −1 can then be defined by taking φ −1 (CΩ) to beB + iω, whereB andω are the orthogonal projections ontoM of
Re Ω and Im Ω respectively, using the orthogonal decomposition T = P ⊕M .
•
The case that m = 1 is especially important; in this case, given P ∼ = U (1) ⊆ T , we also haveM ⊥ ∼ = P ⊕ M , and so repeating the process again we recover M . In this case, we get isomorphismsφ
We say in this situation that the family of M -polarized K3 surfaces andM -polarized K3 surfaces are mirror families. DM and D M parametrize the mirror families of marked K3
surfaces, andφ and φ are the mirror maps exchanging Kähler and complex moduli. So in particular, the family of M -polarized K3 surfaces has a mirror family if and only if T contains a sublattice isomorphic to U (1).
We now describe how this picture coincides with the proposed construction of mirror symmetry in [16] . We first need to understand which submanifolds of a K3 surface are special Lagrangian.
Fix a K3 surface S with complex structure I and Kähler-Einstein metric g. (S, g) is a hyperkähler manifold with complex structures I, J and K generating an S 2 of possible complex structures for which g is a Kähler metric. The period of S in complex structure I is given by the complex 2-form Ω with
and the Kähler form on S is given by
Thus we have, in the various complex structures I, J and K, the following data:
Complex Structure Holomorphic 2-form Kähler form
We observe that Ω is then normalized, in the sense that was defined in the Introduction. Note that fixing the metric g and complex structure I still allows an S 1 of choices for J and K, which corresponds to multiplying Ω by a phase e iθ .
The following observation is due to Harvey Proof: If E ∈ T is m-admissible, we obtain a decomposition T = P ⊕M with
If we choose ω ∈ M ⊗ Z R to be a general Kähler class, then we can assume that ω ⊥ ∩ M = 0. We also choose the complex structure on S, but initially not a general one: choose a complex structure on S so that its holomorphic 2-form is Ω = φ(B + iω) for a general choice ofB + iω ∈ TM such thatB.ω = 0. From the formula of Proposition 1.1, it follows that
Thus if we denote by S K the K3 surface with the corresponding complex structure K, then U (m) ⊆ PicS K and PicS K ⊆ T . Thus ±E is an effective class on S K . Without loss of generality, we can assume E is effective, and after reflecting E around some −2 curves in PicS K then by [14] , §3 Cor. 3 and §6 Theorem 1, we can assume furthermore that E is the class of a fibre of an elliptic fibration f :
This yields a special Lagrangian fibration π : S → S 2 with respect to (g, I), where g is the Ricci-flat metric corresponding to ω. Furthermore, since E ′ is algebraic on S K , a component of ±E ′ will be a holomorphic m-section of f , and hence will yield a special Lagrangian m-section of π.
This proves the implication holds for general choice of Kähler class and somewhat special choice of complex structure. To extend the result to general choice of complex structure, let σ be the cohomology class of the special Lagrangian m-section constructed above. For general choice of Ω ∈ D M on S, and some suitable choice of phase for Ω, σ will be algebraic on S K . Now σ being represented by an irreducible curve is an open condition on the moduli of K3 surfaces in which σ is algebraic, and also we have seen above that for certain values of the complex structure, σ is represented by an irreducible curve. It then follows that for general choice of complex structure on S, σ is represented by an irreducible curve on S K . This then gives a special Lagrangian submanifold σ on S, with σ.E = m.
On the other hand, if we suitably change the phase of Ω, then E is algebraic on a surface S K ′ (not necessarily the same surface as S K above), and as above, this yields a special Lagrangian torus fibration π : S → S 2 . The special Lagrangian submanifold σ constructed above is then a numerical m-section of π.
Remark.
In the above proposition, we need to insist on "numerical" since as the curves E and σ may not be algebraic with respect to the same complex structure, there is no guarantee that all the intersection multiplicities are positive. However, as we saw in the proof of the above Proposition, there are certain complex structures where both E and σ are algebraic on S K for the same complex structure K. In this case, the numerical m-section is a genuine m-section; in fact, it is clear that the special Lagrangian numerical m-section we found above continues to be a genuine m-section on some open (but not necessarily Zariski open or dense) subset of D M .
Corollary 1.4. The family of M -polarized K3 surfaces has a mirror family if and only if for a general K3 surface S with PicS ∼ = M , and for any general choice of Kähler metric on S, S has a special Lagrangian 2-torus fibration with a special Lagrangian numerical section.
Thus we see that, as claimed in [16] , the existence of a mirror of a K3 surface is equivalent to the (generic) existence of a special Lagrangian fibration with a special Lagrangian (numerical) section.
To produce the mirror topologically, we must choose S in the family for which the 2-torus fibration has a special Lagrangian section and then dualize the torus fibration. As is well-known, this does not change the topology of the surface, but we wish to make this explicit here.
Let B 0 ⊆ P 1 (C) be the locus over which the fibration f is smooth, and let
and S 0 → B 0 can be identified (only topologically) with (
Poincaré duality gives a perfect pairing
and thus gives a natural isomorphism
Using this isomorphism, we identify S 0 → B 0 with S 0 ∨ → B 0 , and so the original fibration S K → P 1 (C) may be identified topologically as a compactification of the dual fibration S 0 ∨ → B 0 .
We will use this identification in a crucial way in §2. However, as noted in [16] , we have only found that topologically the mirror of a K3 surface is a K3 surface; we also need to explain the mirror map. We take this up in §4. §2.
K3 Surfaces with Involution
Now let S be a K3 surface equipped with an involution ι : S → S, acting by −1 on the holomorphic 2-form. Let C 1 , . . . , C N be the fixed curves of ι. By [17] , (1.1), these are smooth curves and either (1) N = 0 (in which case ι is the Enriques involution).
(2) N = 2 and C 1 and C 2 are elliptic curves.
(3) C 2 , . . . , C N are rational, and C 1 has genus N ′ ≥ 0.
ι induces a map on cohomology which we will write as H(ι) :
Using the same notation as in §1, we have M = H 2 (S, Z) + , the group of invariants of Suppose furthermore that there exists a P ⊆ T , P ∼ = U (1). Then T decomposes as T = P ⊕M . Following [17] we define r P :
. This will induce an involutionι on each memberŠ of the mirror family ofM -polarized K3 surfaces, by Torelli. It was observed by Borcea [3] and Voisin [17] that the work of Nikulin [13] implies that passing from ι toι interchanges the numbers N and N ′ in Case (3) above.
After fixing a basis E, E ′ for P , the mirror mapš
give maps between the moduli of K3s with involution of a given topological type on the one hand and an open subset of the tube domain of the mirror.
We will now show how the process of dualising special Lagrangian 2-torus fibrations will produce the mirror involution. To do this, we make precise the natural notion of a dual involution.
Let π : X → B be a smooth n-torus fibration with a distinguished section, so as to make π into a fibration of topological groups. (This is the same as choosing an isomorphism of π with the n-torus fibration (
) will then be a commutative diagram
is an isomorphism, then we can naturally define the transpose of (α, β), which is a map
given by the commutative diagram
where α t is induced by the induced map
We now show that for certain values of complex structure on S andŠ, the transpose involution is precisely the mirror involution. We first consider a subset
Note that this is a real codimension one condition. We define D ′M similarly. Put also
We now fix a marked K3 surface with involution (S, ι) whose period CΩ ∈ D ′ M \∆ M , and fix a Kähler form ω on S normalized so that (Re Ω) 2 = (Im Ω) 2 = ω 2 . This determines a Kähler-Einstein metric g on S , and Ω is then normalized with respect to the pair (g, I).
Let S K be the K3 surface with complex structure K. S K has period Ω K = Im Ω + iω, so it is clear that, for general choice of period CΩ in D ′ M \∆ M and general choice of ω,
. Thus S K has a Jacobian elliptic fibration f : S K → P 1 (C), and we can choose a basis E, E ′ for P such that E is the class of a fibre of f and E ′ − E is the class of the (unique) section of f . Thus, roughly speaking, D ′ M is the period space for marked M -polarized K3 surfaces S such that the special Lagrangian 2-torus fibration on S and the special Lagrangian section of this fibration are holomorphic with respect to the same complex structure K. In particular, we know the fibration has a special Lagrangian section, not just a numerical section.
Having fixed E and E ′ , we have now fixed the mirror mapsφ :
, as can be easily checked. Now chooseŠ which is mirror to S to have period CΩ =φ(B + iω) for any choice of B for which B + iω ∈ T ′ M \φ −1 (∆M ) and letB + iω = φ −1 (CΩ). Thus we can write
Note that Ω ∧Ω = 2ω 2 and the metric g has been chosen so that Ω ∧Ω = 2ω 2 , and hencě
Letǧ be the Kähler-Einstein metric onŠ compatible withω and the complex structurě I onŠ, and letJ,Ǩ be the complex structures onŠ for whichΩ(X, Y ) =ǧ(JX, Y ) + iǧ(ǨX, Y ).
To summarize, we have the following table of normalized holomorphic 2-forms and Kähler forms:
Complex structure Holomorphic 2-form Kähler form
The mirror pair of K3 surfaces with involution (S, ι) and (Š,ι) will now have a direct topological relationship obtained by dualising the 2-torus fibration. More precisely Theorem 2.1. Let B 0 ⊆ P 1 (C) be the locus over which f :
and let S 0 = f −1 (B 0 ), thinking of S 0 only as a topological manifold with 2-torus fibration
Remark. This indicates a very special relationship between the pairs (S, ι) and (Š,ι) which will only exist for very particular choices of complex structure on S andŠ. Indeed, as we change the complex structure onŠ, we would expect the mapι to change when thought of as a map of topological manifolds, even though the homotopy class ofι does not change. We remark that choosing complex structure in D ′ M and Kähler structure in T ′ M enables us to simplify considerably the ensuing analysis. In particular, the careful choice of complex and Kähler structures yields the following additional structure for the maps ι andι.
Lemma 2.2. As maps on S K , ι andι are anti-holomorphic.
Proof: We first show that ι : S K → S K is anti-holomorphic. The metric g is also the Kähler-Einstein metric on S K . Thus ι is an isometry with respect to this metric on S K , and takes harmonic forms to harmonic forms. If Ω K is the holmorphic 2-form on S K , whose de Rham cohomology class isω + iω, then Ω K is harmonic, and thus so is ι The same proof shows thatι :ŠǨ →ŠǨ is anti-holomorphic. SinceǨ and K have complex conjugate periods,ι : S K → S K is also anti-holomorphic.
• Proof of Theorem 2.1. Since ι : S K → S K is anti-holomorphic and takes the class E to −E and the class of the unique section σ to −σ, ι preserves the fibration and the section of f : S K → P 1 ; i.e. we have a commutative diagram
with ι ′ the anti-holomorphic involution on P 1 (C) induced by identifying P 1 (C) with the section σ. In particular, restricting this diagram to S 0 → B 0 , we see that ι| S 0 yields a homomorphism of 2-torus fibrations. Here ι| S 0 being a homomorphism follows from the anti-holomorphicity of ι in exactly the same way it would follow if ι was holomorphic. A similar argument works forι, and this proves the first part of Theorem 2.1.
Let −1 : S K → S K be the holomorphic involution given by fibrewise negation of f : S K → P 1 (C). We now finish the proof by verifying the following two claims:
Proof of Claim 1:
We first note that by Lemma 2.
is the identity. Thus it is enough to show thatι and (−1) • ι induce the same map on cohomology. Thus, from the original construction ofι, we only need to show that H(−1) = r P . But −1 : S K → S K is an involution which clearly leaves PicS K = P invariant, and the group of anti-invariants is precisely P ⊥ . So H(−1)| P = Id P and H(−1)| P ⊥ = −Id P ⊥ , which is precisely the definition of r P .
Proof of Claim 2:
which is dual to ι *
Clearly ι * P •ι * Q = Id, so ι * P and ι * Q are inverses to each other. Furthermore, ι| E P and ι| E Q are orientation reversing maps, so if ( , ) P and ( , ) Q denote the (skew-symmetric) intersection pairings on H 1 (E P , R) and H 1 (E Q , R) respectively which yield Poincaré duality, then 
This completes the proof of Theorem 2.1.
We would now like to give a more detailed description of the geometry of the fixed locus of ι : S K → S K and how this changes when we pass toι = (−1) • ι.
For simplicity, we now restrict to the case that ι has N fixed curves, C 1 , . . . , C N , with all but possibly one being rational. (It is easy to check that F ix(ι) being empty or two elliptic curves yields a self-mirror K3 and the construction given below still works.) With respect to the complex structure K, these curves are not holomorphic, however. We give a description of these curves. We will use heavily the fact that ι : S K → S K is an antiholomorphic involution, and hence gives a real structure on S K ; F ix(ι) is then precisely the real locus of S K .
First, let C = F ix(ι ′ ) ⊆ P 1 (C) be the fixed locus of ι ′ . Now since F ix(ι) = C 1 ∪ · · · ∪ C N is non-empty and F ix(ι) ⊆ f −1 (C), we must have C = φ, and thus C is the real part of P 1 (C), i.e. C ∼ = S 1 . We can imagine C to be the equator of P 1 (C) = S 2 . Thus for each point P ∈ C, ι maps f −1 (P ) to itself, and ι : f −1 (P ) → f −1 (P ) is an anti-holomorphic involution, i.e. f −1 (P ) has a real structure. We have
Thus we can describe F ix(ι) as the union of the real parts of the elliptic curves over C.
In particular, we have a map F ix(ι) → C. Now C ′ = σ ∩ f −1 (C) is fixed by ι and C ′ is also an S 1 mapping isomorphically to C so we have F ix(ι) → C is surjective. In fact at least one component of F ix(ι), the one containing C ′ , maps surjectively to C. Let the component of F ix(ι) containing C ′ be C 1 . Then C 1 is not rational, since it cannot be 0 1 C C' Figure 1 simply connected. This gives a geometric explanation of Nikulin's observation that (S, ι) does not have a mirror family if N ′ = 0 ( [3, 17] ).
In Figure 1 , we depict the map F ix(ι) → C in the case that N = 3 and N ′ = 4.
We make the following observations to show this picture is reasonably accurate. First, note that the real points of a real elliptic curve form either a circle or a union of two disjoint circles. Thus for each point P ∈ B 0 ∩ C, f −1 (P ) ∩ F ix(ι) consists of one or two circles.
This fits with Figure 1 .
If P ∈ C and f −1 (C) is a singular fibre, then from the condition that PicS K = U (1), f −1 (P ) must be either of Kodaira type I 1 or type II. The real part of a type I 1 fibre is either a figure eight or a circle plus a point (the node of the I 1 fibre). If f −1 (P ) is a type II fibre, then the real part of f −1 (P ) in this case must consist topologically of a circle.
Thus if C i is the subset of C defined by
either of a figure eight or a circle plus point, and P is a boundary point between C 1 and C 2 . This fits the picture in Figure 1 , where we draw various fibres of F ix(ι) → C as dotted circles.
Now we have shown thatι = (−1) • ι. Note that if E 0 is a nodal cubic with antiholomorphic involution ι : E 0 → E 0 , then −ι : E 0 → E 0 is also anti-holomorphic, and if the fixed locus of ι was a figure eight, it is easy to see that the fixed locus of −ι is a circle and a point. One way of seeing this is as follows. Suppose we have an elliptic curve E with periods {1, αi} ⊆ C with anti-holomorphic involution ι given by complex conjugation, z →z. Then F ix(ι) is given by the two circles Im z = 0 and Im z = α/2. If we let α go off to ∞ to obtain E 0 , then this is the same as shrinking the cycle given by Im z = 0 to a point. Thus the fixed part of E 0 under ι consists of a circle and a point. If we now consider the involution −ι on E, it has fixed locus consisting of the circles Re z = 0 and Re z = 1/2. Shrinking Im z = 0 now yields a figure eight as fixed locus of ι on E. In fact, one can show that the elliptic curves over C 2 ⊆ C will indeed be of this form, with purely imaginary period.
Thus, passing between ι andι has the effect of interchanging figure eights with circles plus points. Carrying out this transformation in Figure 1 by replacing each figure eight with a circle plus point, and each circle plus point with a figure eight, we obtain Figure 2 . We break the "handles" off from C 1 and "sew" the spheres C 2 , . . . , C N into C 1 . This has the effect of interchanging the numbers N and N ′ , as was proved by other methods [13, 3, 17] . §3.
Borcea-Voisin examples of mirror Calabi-Yau threefolds
A construction of mirror symmetry for a particular class of Calabi-Yau threefolds was proposed by Borcea [3] and Voisin [17] . The threefolds in question are obtained from K3 surfaces S with an involution ι (acting by negation on the holomorphic 2-form) as described in §2. For simplicity, we shall neglect the possibility of the fixed locus of ι being empty or two elliptic curves, where it may be checked that both the K3 surface and also the Calabi-Yau threefold constructed below are self-mirror. Thus we assume that ι has N fixed curves, N − 1 of which are rational and one being of genus N ′ ≥ 0. As noted in §2, if N > 0, then N ′ > 0 is a necessary condition for there to be a mirror of (S, ι), and hence for the Borcea-Voisin construction to work.
If we now take any elliptic curve A with j denoting its standard involution given by negation, the action of (ι, j) on S ×A has 4N fixed curves corresponding to the fixed curves of ι and the 2-torsion points of A. The quotient Y = S × A/(ι, j) therefore has 4N curves of A 1 singularities, each of which may be resolved by a single blowing-up. It is clear that this resolution X is a Calabi-Yau threefold. A calculation of the Hodge numbers [3, 17] shows that
We now assume that (S, ι) has a mirror (Š,ι), i.e. that the transcendental lattice T of S contains a hyperbolic plane P . Necessary and sufficient conditions for this are given in [17] , (2.5). As was noted in §2, the fixed locus ofι consists of N ′ smooth curves, one of genus N and the others all rational.
The mirror Calabi-Yau threefold is constructed in the obvious way: we have the involution (ι, j) acting onŠ × A (recalling that an elliptic curve is self-mirror) and setX to be the minimal resolution ofŠ × A/(ι, j). It is then clear that h 1,1 (X) = h 2,1 (X), and h 2,1 (X) = h 1,1 (X) from the formulae given above, and that the Euler characteristics are related by e(X) = 12(N − N ′ ) = −e(X ′ ). Further properties of these mirror pairs are checked in [17] , although it is observed that the construction in fact yields only a slice of the mirror map, as X and X ′ are restricted in moduli to those arising as quotients in the way described above. We'll return to this point later when discussing our construction of the mirror.
In this section, we verify that the Borcea-Voisin construction is consistent with the recipe suggested in [16] , at least if we allow a degenerate Kähler-Einstein metric on X, corresponding to degenerating the Kähler class to the wall of the Kähler cone consisting of the pullbacks of ample classes on Y . More specifically, the choice of such a nef class on X determines a Kähler class on S × A, which in turn determines Kähler classes on S and A. These in turn determine a Ricci-flat metric on S and a flat metric on A. Since the Kähler class on S × A is invariant under our involution, so too is the Kähler-Einstein metric we have constructed, which therefore descends to give an orbifold metric on Y and a degenerate metric on X, which is a Kähler-Einstein metric on the complement of the exceptional locus.
Remark. By degenerating the Kähler class to a pullback of an ample class on Y , we are imposing the condition that the nef class lies in a codimension 4N wall of the Kähler conewe saw above that there are 4N exceptional divisors on X. If we also restrict the class B to come from pulling back a class on Y , we are imposing a complex codimension 4N condition on the degeneration of the complexified Kähler class. On the mirror, we obtain from the Borcea-Voisin construction a Calabi-Yau threefoldX containing four ruled surfaces over a curve of genus N ; this is well-known to impose a codimension 4N condition on the complex moduli space. By restricting to these subsets of complex and Kähler moduli spaces, all calculations may essentially be reduced to ones on S × A (cf §4 where we describe the mirror map); this is the sense in which we are only seeing a slice of the mirror map, but one which is sufficient to determine the mirror as a topological manifold.
We will begin by applying the recipe of [16] with the degenerate Kähler-Einstein metric defined above. By extension of previous terminology, we shall however say that a torus fibration on X is special Lagrangian (with respect to this degenerate metric) if the general fibre is a T 3 contained in the complement of the exceptional locus, and is special
Lagrangian with respect to the Kähler-Einstein metric on this complement.
Choosing a Kähler class on S, we have the fibration S → S 2 (corresponding to the elliptic fibration S K → P 1 when we change the complex structure) whose general fibre is special Lagrangian with respect to the Kähler-Einstein metric on S. Similarly, we can choose a special Lagrangian T 1 -fibration on A with respect to a flat metric; if for instance A is taken with periods {1, τ } ⊆ C with coordinate z, then the curves Im z = constant yield an appropriate fibration. Thus with respect to the Kähler-Einstein metric on S × A, we obtain a special Lagrangian torus fibrationπ : S ×A → S 2 ×S 1 (whose fibres are special Lagrangian 3-tori except over a finite number of copies of S 1 , corresponding to the points of S 2 over which the K3 surface has singular fibres). As noted in §2, for a general choice of the period CΩ in D ′ M \∆ M and Kähler class ω, by construction we have Pic(S K ) = P the hyperbolic plane. So the elliptic fibration S K → P 1 has only singular fibres of Type I 1 and II, and a standard Euler characteristic computation shows that #{Type I 1 fibres} + 2 · #{Type II fibres} = 24.
Passing to the quotient Y , we obtain a special Lagrangian torus fibration with respect to the orbifold metric on Y corresponding to the Kähler-Einstein metric on S × A. The base of this fibration is B = (S 2 × S 1 )/(ι ′ , j). Here we recall that the action ι ′ on the base S 2 was induced via the action of ι on the section σ and was anti-holomorphic. It may therefore be taken as reflection about the equator in S 2 . The action of j on the base the degenerate metric on X described above). We shall describe B and the discriminant locus of π : X → B in more detail below. However, we first note that the Borcea-Voisin construction corresponds precisely with the recipe proposed in [16] . 
Proof: This follows from the results of §2. We have a commutative diagram
We saw in §2 that dualizing (S, ι) as a torus fibration over S 2 yielded the mirror (Š,ι), witȟ ι the transpose of ι. Dualizing the T 1 fibration of A over S 1 just recovers A again, and the transpose of j is again j. Thus, taking the dual of the torus fibration
we recoverŠ × A with involution (ι, j). Therefore dualizing and taking the quotient by (ι, j) will be the same (at least over B 0 ) as taking the dual of the smooth torus fibration on X 0 . ThusX is a smooth compactification of this dual torus fibration.
• Remarks.
(1) The construction ensures that the smooth fibres of the dual fibration are also special Lagrangian with respect to the (degenerate) metric onX deduced from the relevant Kähler metrics onŠ and A.
(2) We conjecture that in general, when faced with a special Lagrangian torus fibration on one Calabi-Yau, the (allowable) compactification of the dual should be determined uniquely by knowledge of the monodromies.
(3) The recipe in [16] also suggests a method for putting a complex structure on the smooth part of the dual fibration-we shall discuss this further for the Borcea-Voisin examples in §4.
For the remainder of this section, we concentrate on the topology of the manifolds X andX, viewed as fibre spaces over B with general fibres being 3-tori. Proof: Recall that the induced involution on S 2 × S 1 consists of reflection in the equator on S 2 and reflection in the real axis on S 1 . This clearly has fixed locus
To see that topologically the quotient is S 3 , we use real coordinates, writing S 2 ⊆ R 3 as x 2 +y 2 +z 2 = 1 and S 1 ⊆ R 2 as u 2 +v 2 = 1. We take the involution to be the one changing the signs of both the z coordinate and the v coordinate. The invariant polynomials are
The quotient can therefore be realised as the subset of R 6 with equations
Eliminating V and Z, B is identified as the subset of R 4 given by
where
we obtain an equation
a double cover of the square. This double cover has singularities precisely at the corners of the square (locally W 2 = ST with S ≥ 0, T ≥ 0), but is topologically just an S 2 . The quotient we seek is therefore obtained by rotating this S 2 about R = 0, thus obtaining an S 3 topologically.
We can now identify the discriminant locus on B of our torus fibration X → B. One part consists of the image of the fixed locus of the involution (ι ′ , j) acting on S 2 × S 1 ;
this we saw consisted of two disjoint copies of S 1 , and more explicitly was the locus on B swept out by the singular points (R = ±1, U = ±1, W = 0) when we rotate about R = 0.
The second part of the discriminant locus occurs because of singular fibres of the special Lagrangian torus fibration S → S 2 on the K3. For each P ∈ S 2 corresponding to a singular fibre, we have a component of the discriminant locus on B, namely the image of P × S 1 under the quotient map. If P is not a fixed point of the induced involution on S 2 , this is just an S 1 on B disjoint from the two copies of S 1 previously identified. If however P is a fixed point, then the image of P × S 1 will be an interval whose endpoints lie on these two circles, i.e. the two components of the image of the fixed locus
Schematically, we can now picture the discriminant locus on S 3 consisting of two disjoint circles, Γ 1 and Γ 2 , corresponding to the fixed locus of the involution on S 2 × S 1 , and one extra component (either an interval or a circle) for each singular fibre of S → S 2 . This is pictured in Figure 3 .
The fibre of Y → B above a general point of one of the two circles Γ i is a 3-torus T modulo involution and when passing to X we replace in this fibre 2 or 4 copies of S 1 by S 2 bundles over S 1 . The fibres therefore do not make any contribution to the Euler characteristic e(X). The fibre of Y → B over a general point of a component corresponding to a singular fibre Z of S → S 2 will be Z × S 1 , and therefore also does not contribute to e(X). The Euler characteristic may therefore be explained purely in terms of the points of intersection in the above picture, i.e. the fibres of Y → B of the form Z × S 1 /(ι, j) with Z a fixed singular fibre on S → S 2 . If Z 0 denotes the fixed locus of the induced involution on Z, we know that Z 0 is either a figure eight or a circle plus a point (for Z a type I 1 fibre) or a singular circle (for Z a type II fibre). The corresponding fibre of X is therefore obtained by replacing
Thus when Z is of type II, the local contribution is still trivial.
Let us suppose therefore that Z is of type I 1 and that Z 0 is a figure eight. The fixed locus of ι on S × A therefore contains four copies of Z 0 (one for each 2-torsion point of A), two copies above each of the two intersection points on the discriminant locus. Thus for each of the two fibres of the form Z × S 1 , we are removing two copies of Z 0 in the manifold S × A, thus increasing the Euler characteristic by 2 for each fibre. Therefore on the quotient Y , the Euler characteristic has been increased by 1 for each fibre. When we pass to X, we replace each copy of Z 0 by an S 2 -bundle over Z 0 , thus decreasing the Euler characteristic by 4 (for each fibre). Over each point of intersection, the fibre of X over B therefore has a net contribution of −3 to e(X), and so the singular fixed fibre Z of S → S 2 accounts for a total contribution of −6. A similar calculation shows that when Z 0 is a circle plus a point, the net contribution from each of the two fibres Z × S 1 /(ι, j) will be +3, making a total contribution of +6 to e(X).
We saw however in §2 that there will be 2(N −1) fibres Z of S → S 2 where Z 0 is a circle and a point and corresponding to the N −1 fixed rational curves on S, and 2(N ′ −1) fibres Z where Z 0 is a figure eight and corresponding to holes of the genus N ′ fixed curve (excluding the hole in the middle). There may also be other fibres Z with Z 0 one of the above two types, but the two types will have to occur in equal numbers. Thus the net contribution we obtain to e(X) from the singular fibres is 2(N − 1)
agreement with the value of e(X) previously calculated. We recall also however from §2 that when dualizing the two possibilities for Z 0 are switched around-recall that dualizing changes the original involution ι toι. This confirms immediately that the effect of dualizing (i.e. passing from X toX) on the Euler characteristic is merely to change its sign. §4. Mirror Maps and Conjectures.
So far, we have not dealt with the most mysterious aspect of the SYZ construction: namely, how does one place a complex structure on the dual of a special Lagrangian torus fibration? This is one of the key questions raised in [16] . Section 3 of [16] gives a local construction of an almost complex structure, which is then shown to be integrable. An alternative approach is explained in [9] . This will not however (even locally) define the correct complex structure on the mirror, since the physics predicts that there will also be instanton corrections coming from the singular fibres of the fibration [16, §2] .
We give one approach, which works in the K3 and Borcea-Voisin examples, and we expect it to work more generally. In brief, given a fixed complex structure and Kähler form on a Calabi-Yau threefold X which yields a special Lagrangian T 3 -fibration f : X → B
with special Lagrangian section, we then conjecture that the mirror map can be expressed in terms of the Leray spectral sequence arising from f . For a fixed such f , one then obtains a map between the Kähler moduli of X and the complex moduli ofX. This map should not depend on the initial choice of f , however. We will formulate this in a more precise conjecture at the end of this section; we first study explicit examples to give motivation for the conjecture.
Let S be a K3 surface as in §1 with P ∼ = U (1) ⊆ T , and choose complex and Kähler structures as in §1 so that there is a corresponding special Lagrangian 2-torus fibration f : S → S 2 with special Lagrangian section σ with E ′ = E + σ (see Remark following (1.3)). We use the same letters to represent the cohomology classes of these curves. We can assume in what follows that f : S → S 2 has no reducible fibres by choosing sufficiently general ω and Ω on S.
Proposition 4.1. The Leray spectral sequence
degenerates at the E 2 term, and the non-zero terms are shown in the following diagram:
Proof: This all follows from [5] , §1, (1.4) and following, where Q = H 0 (S 2 , R 2 f * Q) is generated by σ (or equivalently by E ′ ) and Q = H 2 (S 2 , f * Q) is generated by E.
• This yields a filtration
such that
This filtration allows us to give a very natural alternative construction for the mirror mapsφ : T M → DM andφ −1 : DM → T M as follows. First we can identify S → S 2 as a compactification also of the dual fibration via Poincaré duality as in §1, and thus ignore the dualizing. Now consider CΩ ∈ DM . After an appropriate scaling, ImΩ ∈ F 1 ⊗ Q R and ReΩ ∈ E ′ +F 1 ⊗ Q R. ThusΩ−E ′ ∈ F 1 ⊗ Q C, and we takeφ
As elements of (F 1 /F 0 ) ⊗ Q C, this will coincide withφ −1 (Ω) = B + iω as defined in §1.
Thus, conversely, to defineφ, we take the class of B + iω ∈ T M in F 1 /F 0 ⊗ Q C and lift this to a class α in F 1 ⊗ Q C in such a way that α + E ′ ∈ DM . We claim there is a unique such lifting. This follows immediately from the proof of Proposition 1.1. We then defineφ(B + iω) = α + E ′ .
Remark. A similar construction produces the mirror map for elliptic curves, and more generally, for complex tori of any dimension. We sketch this for elliptic curves, as we will need it below. If g : A → S 1 is a special Lagrangian fibration with respect to some fixed complex and Kähler structures, choose real coordinates x and y on A so that A ∼ = R 2 /((1, 0)Z + (0, 1)Z) and g : A → S 1 is given by (x, y) → y. The Leray spectral sequence for g at the E 2 level is
which clearly degenerates. We can think of H 0 (S 1 , R 1 g * Q) as being generated by s x = {x = constant}, a section of g, and H 1 (S 1 , g * Q) is generated by s y = {y = constant}, a fibre of g. The period domain for A is
By normalizing Ω for CΩ ∈ D A , we can always write Ω uniquely as s x + τ s y for τ ∈ H, the upper half plane. This gives an isomorphism between D A and the tube domain 
The Leray spectral sequence associated to the given fibrationπ : Y → S We start with
The mapπ :Y → S 3 is obtained by dualizingπ : Y → S 3 , and hence by Poincaré duality,
Thus we obtain an element B + iω ∈ (F 2 /F 1 ) ⊗ Q C, the E 1,2 2 term of the Leray spectral sequence forπ. We claim that there is a unique lift α of B + iω to F 2 ⊗ Q C such that E ′ ⊗ s x + α ∈ DY . This follows immediately from the results for the K3 and elliptic cases. We then takeφ(B + iω) to be E ′ ⊗ s x + α. This yields the desired mirror map.
In the above examples we have recovered previously known results, but the construction used is of a form which (conjecturally) has far wider application. In particular, we use these examples to give a general conjecture as to how the mirror map can be defined, which we hope will allow us to construct mirrors and mirror maps whenever they exist.
As explained to the authors by Nigel Hitchin, in order to specify a complex structure on a Calabi-Yau n-fold X, we need to find a complex-valued n-form Ω on X which has the following properties:
(1) Ω is locally decomposable, i.e. locally Ω = θ 1 ∧ · · · ∧ θ n where θ 1 , . . . , θ n are 1-forms.
(2) Ω ∧Ω is nowhere zero.
(3) dΩ = 0. (This condition tells us the almost complex structure given by (1) and (2) is integrable.)
This data specifies a unique complex structure on X in which Ω is a holomorphic n-form. Unfortunately, without a suitable Torelli theorem, one does not know if the class [Ω] ∈ H n (X, C) determines the complex structure uniquely.
We state a conjecture, which still needs further refinement to be totally precise. The results proved in this paper via the SYZ construction should be seen as evidence in favour of this conjecture.
immersion. Another case where this conjecture correctly puts the complex structure on the mirror is for mirror symmetry of complex tori.
Remark 2. The fact that the spectral sequence for f : X → B in the Borcea-Voisin examples does not look like the one given in the conjecture should have to do with the fact we have used an ω which was on the boundary of the Kähler cone, as opposed to a general Kähler class in the interior of the cone.
Remark 3.
As a final example, we point out some evidence that the SYZ construction is compatible with the Batyrev construction for mirror symmetry (see [2] ). This has also been observed by D. Morrison and collaborators. If ∆ is a reflexive polytope of dimension n, giving rise to a toric variety P ∆ , then there is a moment map µ : P ∆ → ∆, whose general fibre is a real n-torus. Now ∂∆ is homeomorphic to S n−1 , and X = µ −1 (∂∆) ⊆ P ∆ is a union of toric divisors, and is a large complex structure limit point in the family of Calabi-Yau (n − 1)-folds in P ∆ . The map µ : X → ∂∆ has general fibre a T n−1 . It should be possible, for small deformations which smooth X, to also deform this torus fibration to yield a special Lagrangian torus fibration on a smooth Calabi-Yau in the family.
